Irreducibility and embedding problems  by Bary-Soroker, Lior
Journal of Algebra 357 (2012) 26–33Contents lists available at SciVerse ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Irreducibility and embedding problems
Lior Bary-Soroker
Institut für Experimentelle Mathematik, Universität Duisburg–Essen, Ellernstrasse 29, D-45326 Essen, Germany
a r t i c l e i n f o a b s t r a c t
Article history:
Received 7 October 2010
Available online 2 March 2012
Communicated by Laurent Moret-Bailly
MSC:
12E30
12E25
Keywords:
Irreducible specializations
Pseudo algebraically closed extensions
Embedding problems
We study irreducible specializations, in particular when group-
preserving specializations may not exist. We obtain a criterion in
terms of embedding problems. We include several applications to
analogs of Schinzel’s hypothesis H and to the theory of Hilbertian
ﬁelds.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
This paper deals with irreducible specializations: Given an irreducible and separable in X poly-
nomial f (T1, . . . , Tr, X) ∈ K [T, X] over a ﬁeld K we try to ﬁnd a tuple a ∈ Kr such that f (a, X) is
irreducible in X . If every polynomial over K admits an irreducible specialization, then K is called
Hilbertian.
In [1,4] several applications, to the theory of quadratic forms and to analogs of Dirichlet’s theo-
rem on primes in arithmetic progressions over polynomial rings, are obtained over ﬁelds that satisfy
a weak irreducible specialization property. Namely, a certain subfamily of polynomials, the so-called
“most-irreducible-polynomials”, admits irreducible specializations. We say that M is a PAC (pseudo
algebraically closed) extension of K , or in short that M/K is PAC, if K ⊆ M and for every absolutely
irreducible M-variety V of dimension r  1 and for every dominating separable M-map ν : V → Ar
there exists a ∈ V (M) such that ν(a) ∈ Kr . A suﬃcient condition in terms of PAC extensions to have
irreducible specializations for those “the-most-irreducible-polynomials” is obtained in [1]:
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that
Gal
(
f (T, X), K˜ (T)
) ∼= Sn.
Assume K has a PAC extension M having a separable extension N of degree n = [N : M]. Then there exists
a Zariski dense set of a ∈ Kr such that f (a, X) is irreducible in K [X].
Here K˜ denotes an algebraic closure of K .
In [4] Kelmer and the author prove that some interesting families of algebraic extensions of
a countable Hilbertian ﬁeld have PAC extensions with separable extension of degree n  5, e.g. pro-
solvable extensions, hence satisfy the conclusion of Theorem 1.1.
The goal of this paper is to vastly generalize Theorem 1.1 and to obtain new applications. To
state the generalization we need to introduce the embedding problem associated to a polynomial:
Let f (T, X) ∈ M[T, X] be a polynomial over a ﬁeld M that is separable in X . Let F be the splitting
ﬁeld of f over M(T) and let N be the algebraic closure of M in F . Then F/M(T) and N/M are Galois
extensions and we have the canonical restriction maps
Gal(M)
ρ
Gal(F/M(T))
α
Gal(N/M).
This diagram is an embedding problem for K which we call the geometric embedding problem associated
to f and we denote it by E( f ,M). A weak solution of the embedding problem is a homomorphism
η :Gal(M) → Gal(F/M(T)) that commutes the diagram.
Proposition 1.2. Let K be a ﬁeld, f1(T, X), . . . , f s(T, X) ∈ K [T, X] non-associate irreducible polynomials that
are separable in X, let f = f1 · · · f s , and for each i let xi be a root of f i(T, X) in a ﬁxed algebraic closure of K (T).
Assume there exist a PAC extension M/K , a subgroup kerα  C  Gal( f (T, X),M(T)), and a weak solution
η :Gal(M) → Gal( f (T, X),M(T)) of E( f ,M) = (ρ,α) with image H0 = η(Gal(M)) such that
(H0 ∩ C)xi = Cxi, for i = 1, . . . ,n.
Then there exists a Zariski dense set of a ∈ Kr such that all of the fi(a, X) are irreducible over K .
Remark 1.3. Proposition 1.2 generalizes Theorem 1.1 since under Theorem 1.1, E( f ,M) = (Gal(M) → 1,
Sn → 1). This embedding problem has a weak solution whose image is transitive if and only if M has
a separable extension of degree n. Indeed, if α :Gal(M) → Sn is a homomorphism with a transitive
image, then {σ ∈ Gal(M) | α(σ )(1) = 1} is an open subgroup of Gal(M) of index n.
Remark 1.4. In the special case when K is a PAC ﬁeld (i.e. K = M) and C = Gal( f (T, X),M(T)), Propo-
sition 1.2 becomes sharp, see [3, Theorem 2.4].
A ﬁrst application is an analog of Schinzel’s hypothesis H for polynomial rings:
Theorem 1.5. Let K be a ﬁeld of characteristic p  0, let n > 0 be an integer such that n is odd if p = 2,
and let f1(X), . . . , f s(X) ∈ K [X] be non-associate irreducible separable polynomials with respective roots
ω1, . . . ,ωs . Assume there exists a PAC extension M/K such that M(ωi) has a degree n separable extension,
for every i = 1, . . . , s. Then there exists a Zariski dense set of (a1, . . . ,an) ∈ Kn such that for g(T ) = Tn +
a1Tn−1 + · · · + an all of the fi(g(T )) are irreducible over K .
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and [3]. Over PAC ﬁelds (i.e., when M = K ) the theorem is sharp, see [3].
The second result concerns Hilbertian ﬁelds:
Theorem 1.6. Let K be a ﬁeld. Assume that for inﬁnitely many n  1 there exists a PAC extension M/K with
Gal(M) free of rank  n. Then K is Hilbertian.
This generalizes a result of Razon asserting that if K has a PAC extension with Gal(M) free of inﬁnite
rank, then K is Hilbertian [8, Corollary 2.6].
Note that if K is Hilbertian and countable, then for every integer n, there exists a PAC extension
M/K with Gal(M) free of rank n [6].
2. Preparations
We brieﬂy recall the deﬁnitions of geometric embedding problems and of double embedding prob-
lems and formulate the lifting property of PAC extensions. This property plays a crucial role in the
proof of Proposition 1.2. Full details appear in [2], cf. [3].
2.1. Geometric embedding problems
Let K be a ﬁeld, Ks a separable closure of K , and Gal(K ) = Gal(Ks/K ) the absolute Galois group
of K . A ﬁnite embedding problem E for K consists on an epimorphism of ﬁnite groups α : H → G and
an epimorphism1 ρ :Gal(K ) → G . In short we write E = (ρ,α). A weak solution is a homomorphism
θ :Gal(K ) → H such that α ◦ θ = ρ . If θ is surjective, we say that θ is a proper solution.
Gal(K )
ρ
θ
H
α
G.
Assume that E is a ﬁnitely generated regular extension of K , and let F/E be a ﬁnite Galois exten-
sion. Then L = F ∩ Ks is Galois over K and
E(F/E, K ) = (ρ :Gal(K ) → Gal(L/K ),α :Gal(F/E) → Gal(L/K )),
with ρ , α the restriction maps, is a ﬁnite embedding problem for K (note that E/K regular implies
that α is surjective). We say that E(F/E, K ) is a geometric embedding problem for K . If E = K (T) for
some tuple T = (T1, . . . , Tr) of algebraically independent variables, we call the embedding problem
E(F/K (T), K ) rational.
Let ϕ be a K -place of E (thus, ϕ(x) = x, for all x ∈ K ). Assume that the residue ﬁeld of ϕ is K and
that ϕ is unramiﬁed in F . Then for every L-place Φ of F that extends ϕ there exists a unique weak
solution Φ∗ of E(F/E, K ) that satisﬁes
Φ
(
Φ∗(σ )x
) = σΦ(x), (1)
for every σ ∈ Gal(K ) and for every x ∈ F with Φ(x) 	= ∞. (Indeed, consider the canonical exact se-
quence 1 → IΦ → DΦ → GΦ → 1, where IΦ is the inertia group, DΦ the decomposition group and
GΦ = Gal( F¯/K ) the Galois group of the residue ﬁeld extension F¯/K . Then the assumption that ϕ is
unramiﬁed in F implies that IΦ = 1, hence ν : DΦ → GΦ is injective. Thus (1) gives that Φ∗ must be
the composition of the restriction map Gal(K ) → GΦ and ν−1 :GΦ → DΦ .)
1 All homomorphisms are assumed to be continuous.
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solution of E(F/E, K ) is (Φ∗)τ deﬁned by (Φ∗)τ (σ ) = τ−1Φ∗(σ )τ . Thus, the collection ϕ∗ = {Φ∗ |
Φ is an L-place that extends ϕ} is a kerα-automorphism class.
When E = K (T), T = (T1, . . . , Tr), r  1, and F is the splitting ﬁeld over E of a polynomial f (T, X)
that is separable in X , we write E( f , K ) = E(F/E, K ) and say that E( f , K ) is the associated embedding
problem. We emphasize that in this case Gal(F/E) = Gal( f , K (T)) comes together with a natural action
on the roots of f , hence with a permutation representation of degree degX f .
Remark 2.1. Let a ∈ Kr be such that f (a, X) is separable and of the same degree as the X-degree
of f (T, X). Extend T → a to a K -place of K (T) with residue ﬁeld K [5, Example 2.6.10] and let
Φ be an L-place of F extending ϕ . Then Φ(x) 	= ∞, for every root x ∈ F of f (T, X). By (1) the
map Φ∗ :Gal(K ) → Gal( f (T, X), K (T)) respects the actions of Gal(K ) on the roots of f (a, X) and of
Gal( f (T, X), K (T)) on the roots of f (T, X).
2.2. Double embedding problems
Let M/K be a ﬁeld extension. A ﬁnite double embedding problem consists of a commutative dia-
gram
Gal(M)
r
μη
Gal(K )
ν
θ
B
j
α
H
β
G A
i
(2)
where G , H , A, B are ﬁnite groups, B  H , A  G , i, j are the inclusion maps, r is the restriction map,
and α, μ, β , ν are surjective. (Note that if M/K is not algebraic, then r is not necessarily injective.)
Therefore a ﬁnite double embedding problem consists of two compatible ﬁnite embedding problems:
(ν,β) for K and (μ,α) for M . In short, we denote the double embedding problem by ((μ,α), (ν,β)).
A weak solution is a pair (η, θ) consisting of a weak solution η of (μ,α) and a weak solution θ
of (ν,β) that commute (2). We note that η = θ ◦ r, and that (θ ◦ r, θ) is a weak solution if and only if
θ(r(Gal(M))) B .
A ﬁnite double embedding problem is called rational if (ν,β) is rational. In that case, H =
Gal(F/K (T)) for some Galois extension F/K (T), G = Gal(L/K ), where L = F ∩ Ks , and β , ν are the
restriction maps.
F N
F
M(T) N(T)
K (T) L(T)
M N
K L
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a subgroup of β−1(A) = Gal(F N/M(T)). So B ∼= Gal(F N/E), for some M(T) ⊆ E ⊆ F N . Under this
identiﬁcations, α becomes the restriction map. Note that since α is surjective, E ∩ Ms = M , and thus
E is regular over M . So (μ,α) is a geometric embedding problem.
A geometric weak solution of a rational double embedding problem consists of a pair (Ψ ∗,Φ∗),
where Ψ is an N-place of F N unramiﬁed over M(T) such that the residue ﬁeld of K (T) is K , Φ = Ψ |F ,
and the residue ﬁelds of F N is the compositum of N with the residue ﬁeld of F . In particular, Φ∗ is
a geometric weak solution of (ν,β).
We note that if f (T, X) ∈ K [T, X] is a separable polynomial, then E( f ,M/K ) = (E( f ,M),E( f , K ))
is a ﬁnite rational double embedding problem for M/K .
2.3. The lifting property
We formulate the lifting property of PAC extensions [2, Proposition 4.6].
Proposition 2.2. Let M/K be a PAC extension, let
(EM ,EK ) =
((
μ :Gal(M) → A,α : B → A), (ν :Gal(K ) → G, β : H → G))
be a rational ﬁnite double embedding problem for M/K and let η be a weak solution of EM. Then there exists
a geometric weak solution (Ψ ∗,Φ∗) of (EM ,EK ) such that Ψ ∗ = η.
Moreover, if H = Gal(F/K (T)), T = (T1, . . . , Tr), and if q(T) ∈ K [T] is nonzero, then we can choose Ψ so
that a = Ψ (T) ∈ Kr , and q(a) 	= 0.
3. Proof of Proposition 1.2
Let K be a ﬁeld, T = (T1, . . . , Tr), and 0 	= q(T) ∈ K [T]. Let f1(T, X), . . . , f s(T, X) ∈ K [T, X] be non-
associate irreducible polynomials that are separable in X , f = f1 · · · f s , and for each i let xi be a root
of f i(T, X) in a ﬁxed algebraic closure of K (T). Let F be the splitting ﬁeld of f (T, X) over K (T), then
Fˆ = FM is the splitting ﬁeld of f (T, X) over M(T). Let L = F ∩ Ks and N = LM = FM ∩ Ks . Then the
associated double embedding problem E( f ,M/K ) = (E( f ,M),E( f , K )) is
Gal(M)
ϕ
μη
Gal(K )
ν
Gal( Fˆ/M(T))
j
α
Gal(F/K (T))
β
Gal(L/K ) Gal(N/M).
i
Here all of the maps are restriction maps. Note that Fˆ = F N and ker(α) ∼= ker(β) ∼= Gal(F Ks/Ks(T)).
Assume we are given a weak solution η :Gal(M) → Gal( Fˆ/M(T)) of E( f ,M). Let H0 = η(Gal(M))
be the image of η. By the lifting property there is an a ∈ Kr and a geometric weak solution (Ψ ∗,Φ∗)
of E( f ,M/K ) such that Φ(T) = Ψ (T) = a, q(a) 	= 0, f (a, X) is separable, deg( f (a, X)) = degX f (T, X),
and Ψ ∗ = η. Let H1 = Φ∗(Gal(K )); then H0  H1  H := Gal(F/K (T)). It follows that each f i(a, X) is
separable and deg( f i(a, X)) = degX ( f i(T, X)).
For each i, the polynomial f i(a, X) is irreducible over K if and only if Gal(K ) acts transitively on
the set of roots of f i(a, X) for all i. By Remark 2.1 the action of Gal(K ) on the roots of f (a, X) is
transposed to the action of H1 on the roots of f (T, X). So it suﬃces to prove that, for each i, H1 acts
transitively on the set of roots of f i(T, X), namely on Hxi .
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(H0 ∩ C)xi = Cxi, i = 1, . . . , s. (3)
Let hxi ∈ Hxi . Since β(H1) = ν(Gal(K )) = Gal(L/K ), we have h1 ∈ H1 such that h−11 h ∈ kerβ =
kerα  C . By (3), there exists c ∈ H0 ∩ C such that h−11 hxi = cxi , hence hxi = (h1c)xi . This ﬁnishes
the proof since h1c ∈ H1(H0 ∩ C) H1. 
4. Applications
Recall the deﬁnition of the permutational wreath product: Let G , H be ﬁnite groups that act on
ﬁnite sets X , Y , respectively. Then H acts on GY , and we deﬁne the permutational wreath product
G Y H to be the semidirect product GY  H . It comes with an action on X × Y : if f ∈ GY , h ∈ H ,
x ∈ X and y ∈ Y , then ( f ,h)(x, y) = ( f (hy)x,hy). If G , H are permutation groups (i.e. both actions
are faithful), then one can show that G Y H is a permutation group on X × Y .
4.1. Proof of Theorem 1.5
Let K be a ﬁeld of characteristic p  0, let n  1 be an integer such that n is odd if p = 2, and
let f1(X), . . . , f s(X) ∈ K [X] be non-associate irreducible separable polynomials with respective roots
ω1, . . . ,ωs . Assume there exists a PAC extension M/K such that M(ωi) has a degree n separable
extension, i = 1, . . . , s. We wish to prove that there exists a Zariski dense set of (a1, . . . ,an) ∈ Kn such
that for g(T ) = Tn + a1Tn−1 + · · · + an each of the f i(g(T )) is irreducible over K .
Let f = f1 · · · f s , let A = (A1, . . . , An) be an n-tuple of algebraically independent variables and
let
G(A, T ) = Tn + A1Tn−1 + · · · + An.
Let F be the splitting ﬁeld of f ◦ G(A, T ) over K (A) and L be the splitting ﬁeld of f over K . Then
since n is odd if p = 2, [3, Proposition 3.6] gives that F is regular over L and
Gal
(
F/K (A)
) ∼= Sn Ω Gal(L/K ),
as permutation groups. Here the left-hand side acts on the set Φ of roots of f ◦ G(A, T ) in some
algebraic closure of K (A), Sn Ω Gal(L/K ) is the permutational wreath product that acts on the set
{1, . . . ,n} × Ω , where Ω is the set of roots of f , as deﬁned in the ﬁrst paragraph of Section 4.
Similarly Gal( f ◦G(A, T ),M(A)) = Gal(FM/M(A)) = Sn Ω Gal(N/M), where N = LM is the splitting
ﬁeld of f over M . So
E( f ◦ G,M) = (ν :Gal(M) → Gal(N/M),α : Sn Ω Gal(N/M) → Gal(N/M)
)
,
where α is the quotient map. Note that kerα = SΩn .
Let Ω1, . . . ,Ωs′ be the Gal(N/M)-orbits of Ω , so s′  s. Without loss of generality assume that
ωi ∈ Ωi , for i = 1, . . . , s. By assumption, for each i = 1, . . . , s, we have a tower of separable extensions
M ⊆ M(ωi) ⊆ Mi and [Mi : M(ωi)] = n. For i = s + 1, . . . , s′ , let Mi = M(ωi), for some ωi ∈ Ωi .
Let Mˆ be the minimal Galois extension of M that contains all Mi . In particular Mˆ contains N . Then
by [3, Lemma 3.7] we have a homomorphism ρ :Gal(Mˆ/M) → Sn Ω Gal(N/M) such that:
(a) α(ρ(σ )) = σ |N .
(b) Denote by H0 the image of ρ . Then H0 acts transitively on {1, . . . ,n} × Ωi , for i = 1, . . . , s.
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invariant, i = 1, . . . , s. Then kerα = SΩn  C and H0  C . In particular, H0 ∩ C = H0, which explains
the ﬁrst equality in (4).
(H0 ∩ C)(1,ωi) = H0(1,ωi) = {1, . . . ,n} × Ωi = C(1,ωi), i = 1, . . . , s. (4)
The second equality follows from the transitivity property (b) above, and the third one follows from
the transitivity of H0 combined with the deﬁnition of C . By Proposition 1.2, there exists a Zariski
dense set of a ∈ Kn such that all f i(g(T )) are irreducible, where g(T ) = G(a, T ) = Tn + a1Tn−1 +
· · · + an . 
4.2. Proof of Theorem 1.6
Let K be a ﬁeld. Assume that for inﬁnitely many n  1 there exists a PAC extension M/K with
Gal(M) free of rank  n. We have to show that K is Hilbertian.
Let f (T , X) ∈ K [T , X] be an irreducible polynomial that is separable and of degree n  1 in X .
By assumption, there exists a PAC extension M/K such that Gal(M) is a free proﬁnite group of rank
r  n!. In particular r  rank(Gal( f (T , X),M(T ))), so the associated embedding problem
E( f ,M) = (ν :Gal(M) → Gal(N/M),α :Gal( f (T , X),M(T )) → Gal(N/M))
is properly solvable [5, Proposition 17.7.3 and Theorem 24.8.1], so by Proposition 1.2 (see Remark 1.3)
there exists an element a ∈ K for which f (a, X) is irreducible. Thus K is Hilbertian. 
5. On the condition of Proposition 1.2
To get the conclusion of Proposition 1.2 we need to ﬁnd a PAC extension M/K , a subgroup C with
certain properties. Here are two special cases when there exists such a subgroup.
Case 1: Transitive solution Assume that the associated embedding problem E( f ,M) has a weak so-
lution η with image H0 such that for each i, H0 acts transitively on the roots of f i(T, X). Then if
we take C = Gal( f ,M(T)), we get that (H0 ∩ C)xi = H0xi is the set of all roots of f i(T, X) and thus
also Cxi . In particular those are equal.
Note that in such a case f i(T, X) is irreducible over M(T), i = 1, . . . ,n.
Case 2: Proper solution Assume that the associated embedding problem E( f ,M) has a proper so-
lution η. Denote the image of η by H0. Then if we take C = kerα, then C ⊆ H0 = C , and hence
C ⊆ H0xi = Cxi .
Note that in this case f i(T, X) do not have to be irreducible over M .
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